LESSON
PLAN

TODAY
YOU
WILL...

LEARN ABOUT FACTORS
AND MULTIPLES THAT
NUMBERS HAVE

IN COMMON WITH
EACH OTHER.

Sometimes learners encounter the ideas of highest common
factor (HCF) and lowest common multiple (LCM) as procedures to
follow to obtain answers, without much sense of what these
quantities represent or why the procedures work. This lesson
builds up to having learners find numbers to fit a specified HCF
and LCM, giving them an opportunity to explore what possibilities
are allowed by these constraints. The trial and error involved also
gives plenty of practice at the techniques.
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The ideas of highest common factor and
lowest common multiple are often taught
separately, says Colin Foster, but dealing
with them together can help learmers to
appreciate the connections between them.

STARTER ACTIVITY ¥

Put these Questions to Think About on
the board as (or before, if possible)
learners enter the room. Some learners
may start talking about them as they
get seated, but it doesn’t matter if

they don't.

> What is a factor? (For example, 2
is a factor of 6.)

> Does every number have factors?
> Can you think of a number that
has... exactly 2 factors?

... exactly 3 factors?

... exactly 4 factors?

When everyone is settled, you
could ask:

Q: Does anyone have any
comments on, questions about or
answers to any of these? You can
start with whichever one you want.

A factor is a number (a positive
integer) that goes into another
number. The ‘goes into’ aspect has
sometimes led people to call them
‘guzintas’, which can be fun (see
http://tinyurl.com/cgavys3), but
learners need to know that the
proper mathematical name

is ‘factor’.

Every number has at least 1 factor,
because 1is a factor of every
number. The only number with
exactly 1factor is 1, and all prime
numbers have exactly 2 factors,
which learners might realise.
Numbers with an odd number of
factors are always square numbers;
in particular, n umbers with exactly 3
factors are the squares of prime
numbers. For example, 25 has 3
factors, because it is the square of 5,
which is prime. There are two
possibilities for numbers with 4
factors: either they are semiprimes
(the product of two different prime
numbers), such as 6, which is 2 x 3,
or the cube of a prime number, such
as 8, which is 22,



FINDING

NUMBERS WITH
DIFFERENT
NUMBERS OF
FACTORS

If learners seem quite interested in

the starter activity, then you could
develop it into an investigation,
where they try to find numbers

with 5, 6, 7 factors, etc. It could be

a good way of practising finding
factors. Either they could take the
numbers in order and see how
many factors each one has, and
look for patterns, or they could
explore products and powers of
primes and then see how many
factors the numbers that they
have created have.

8 COMMON
FACTORS

Q: Two is a very common factor
— it goes into lots of numbers.
What numbers have 2 as a
factor?

Learners might list some, but
the general answer is the even
numbers.

common factor (HCF) here is 4.
When might an HCF
be important?

One situation that learners might
think of is when cancelling down
fractions. If you want to simplify

isn’t very interesting. The highest
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Q: The most common factor of ~ 12/20, you could divide the 1/2|3/4|5|6|7|8|9]10/11|12|13|14|15|16|17|18|19|20
all is 1, which goes into every numerator and denominator by 101
number. What are all the any common factor (e.g., 2), but 2(1|2
factors that 12 and 20 have dividing by the highest common 3[(1)11(3
in common? factor (HCF) of 4 simplifies the 411214
One way to answer thisis to list  fraction as much as possible in 5(1(1[(1]1]5
the factors for each number: one go, giving 3/5. 611232116
12: 1, 2, 3, 4, 6, 12 7010101010111 17
20:1,2,4,5,10, 20 Give each group of learners a gl112111al112]1(8
The factors in common table of numbers like this. ol11113111113111119
(common factors) are 1,2 and 4. @z We can fill /r7 the H(;F of 12 ol 112111215 2T11211110
and 20 by putting a 4 in that cell. MEEEEEEEEEEEREREREREREY
Q: The lowest common factor of  In groups, try to complete
every pair of numbers is 1. That the table. \y 12/1]2]3]4]1]6]1]4]3]2|1]12
BT[] [T [T 11T {1]1[1]13
1/2|3(4|5|6(7|8|9|10/11|12|13|14|15|16|17|18|19|20 1411 (21 [2]1|2|7[2[1]|2]1[2[1]14

1 15(1|1[3]|1[5[3[1[1[3[5[1[3]|1[1]15

2 16(1|2[1]4[1|2][1|8[1[2][1][4]|1][2]|1]16

3 A7 11T [T [T 11117

4 18(1|2[3]|2[1|6[1[2]9]2]|1[6]|1][2]|3]2]|1]18

5 O[T {1111 {11 {111 [1T][1]1|1][1][1]1][19
6 20(1(|2[1|4|5|2[1|4|1|5[1[4]|1[2]|5]4]|1]2]|1]20
; Learners may notice that, numbers are co-prime (e.g., 6

° because of the line of symmetry and 13), learners might think that
10 along the leading diagonal, it is ‘there isn’t one’, but since 1 goes
1 possible to put 4 in the other (12, into every number, every pair of
2 20) cell as well, so you might numbers will have an HCF, so

agree to complete just the lower  there should be some 1s in

13 diagonal half of the table. By the table. A

14 working in groups, and noticing

15 patterns as they go, learners will There are many patterns here
16 be able to complete the table that learners could highlight in
17 reasonably quickly — they need colour and comment on. Finding
18 not be intimidated by the reasons for the patterns that

19 number of cells! they see could extend their

20 4 Instead of putting 1 when the appreciation of number.
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INFO BAR

+ ADDITIONAL
RESOURCES

AUSEFUL TOOL FOR PRIME
FACTORISING IS AT
HTTP://TINYURL.COM/BOSF2VM
AND ATOOL FOR PRACTISING THESE
IDEAS IS AT HYPERLINK
HTTP://TINYURL.COM/CS92LU

+ STRETCH
THEM FURTHER
+WORKING OUT THE HCF AND LCM
OF THREE NUMBERS, RATHER THAN
JUSTTWO, IS A GOOD WAY TO
EXTEND THESE TASKS. MAKING UP
HCF/LCM PUZZLES IN WHICH
THREE NUMBERS HAVE TO BE
FOUND, AND FINDING ALL THEIR
POSSIBLE SOLUTIONS, CAN BE
INTERESTING FOR LEARNERS WHO
ARE CONFIDENT WITH USING

TWO NUMBERS.

+ ABOUT
THE EXPERT

-

HOME LEARNING

Two suggested activities for
home learning might be:

> Look back through your maths
work and try to find an
‘application’ (i.e., a use or a
context) for LCM.

One situation is finding common
denominators when adding or
subtracting fractions. The phrase
‘lowest common denominator’
has even entered ordinary

Colin Foster is a
senior research
fellow in the School

of Education at the ' CONSTRUCTING numbers (48 here), and a good English language, and learners
University of LCM way to deal with this could try to explain what
Nottingham, and Q@: You now know what a highest ==zl i1 ?Sk Rlculs it LTS

Wirités Hooks for common factor is. What do you work out when that is true. The > Find the number less than 1000

mathematics think a lowest common multiple TS T e vyhen the which has the most factors.
teachers is? numbers are co-prime (i.e., have Learners (even teachers!)

an HCF of 1). In general, may be surprised that the
www.foster77.co.uk HCF x LCM = product of the answer is 840.

Learners should be able to WO NUMbETs.

construct by analogy a meaning
for lowest common multiple (LCM). there won’t. Sometimes telling
SUMMARY It is the smallest value which both ' MAKE UP someone else the HCF and LCM
of the given numbers go into. HCF/ LCM is sufficient information for them
Another phrasing is that it is the PUZZLES to find the original numbers, and
smallest number that is in both Q: Think of two numbers. Work out  sometimes it isn’t. For example, if
times tables. So the LCM of 6 and their HCF and their LCM. Now tell | tell you that my HCF is 6 and my
could make posters o . g
N , 8 can be found by writing the first someone else the HCF and the LCM is 60, my numbers could
summarising, with examples, ; .
the meanings of HCF and LCM. few multiples of each number: LCM that you have worked out. have been 12 and 30, but they
Can they find what your two could also have been 6 and 60.
6:6,12,18,24,30,36,.. numbers were? Learners could explore when
8:8,16, 24,32, 40,48, ... there are multiple solutions.
So the LCM is 24. This is an interesting investigation Dealing with HCF and LCM
for learners, because sometimes together is a good way to work
Sometimes learners think that the there will be more than one on possible confusions between
LCM is just the product of the two possible answer and sometimes the two quantities.

If there is time (orin a
subsequent lesson), learners

Otherwise, you could have a
shorter plenary in which
learners do this orally, perhaps
sharing some of the puzzles
they have made up and

their solutions.
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