
Pure Mathematics

8 Ideas for Sixth-Form Mathematics

Simultaneous Equations
 Cramer’s rule

•	� If you know about matrices, find out about Cramer’s Rule, which enables you to solve 
simultaneous equations such as

4x + 3y = –2
5x + 2y = 1

	 in your head!

•	 What happens if you have three unknowns?
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Cramer‟s Rule gives the solution to 

ax by p
cx dy q

 

as 
p b
q d

x
a b
c d

 and 

a p
c q

y
a b
c d

. 

The denominators are the determinant of the coefficients, as laid out in the equations. The 
numerators have the x-coefficients replaced by the constants to evaluate x and the  
y-coefficients replaced by the constants to evaluate y. It is not as complicated as it looks, and 
is not too hard to remember. 
 

So in this case, 

2 3
1 2 7 1
4 3 7
5 2

x  and 

4 2
5 1 14 2
4 3 7
5 2

y  

The calculations can be done mentally, provided you are good at working out determinants 
and are allowed to stare at the equations while you think! 
 
The rule works just as well for three variables, so the solutions to 

ax by cz p
dx ey fz q
gx hy iz r

 

 
are: 

p b c
q e f
r h i

x
a b c
d e f
g h i

, 

a p c
d q f
g r i

y
a b c
d e f
g h i

 and 

a b p
d e q
g h r

z
a b c
d e f
g h i

. 

 
This is probably a bit too hard to do without paper unless lots of the elements are zero! 
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9   2011 

Simultaneous Equations

  

[11] 


[B] Risqué simultaneous equations 
A mother is 21 years older than her child. 
In exactly 6 years from now, the mother will be exactly 5 times as old as the child. 
Where is the father? 

Letting the mother’s age be m years and the child’s age be c years leads to the simultaneous 
equations: 

m = c + 21 
m + 6 = 5(c + 6) 

Substituting the first equation into the second gives 
c + 21 + 6 = 5c + 30 

So –3 = 4c, giving c = 3
4−  year; i.e., –9 months. So if the child is 9 months before birth then 

the father must be... 

Risqué simultaneous equations

A mother is 21 years older than her child.

In exactly 6 years from now, the mother will be exactly 5 times as old as the child.

Where is the father?
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Combinations And Permutations

67   2011 

My PIN – a true story …

After scratching off the security material I can make out only the first 4 digits of my 5-digit online 
banking PIN code: It is 4784? (I must have scratched too hard!)

Here is what they say about using it:

		  	
  

•	� What is the probability that I will be asked only for digits that I know?

•	� If I fail to give the correct numbers three times in a row, I will have to request a new PIN number. 
What is the probability that that will happen?

  

[68] 


• What is the probability that I will be asked only for digits that I know? 
• If I fail to give the correct numbers three times in a row, I will have to request a new 

PIN number. 
What is the probability that that will happen? 

The call centre have 5
2C  possible pairs of numbers they can ask for. Since I cannot read the 

fifth one, there are only 4
2C  possible pairs that I can answer, so the probability that I will be 

OK is 
4

2
5

2

4!3!2! 3
2!2!5! 5

= =C
C

, so a better than 50% chance.  

Alternatively, there are only four pairs of requested digits that will give me a problem, since 
there are only four other digits that the fifth digit can be paired with, so the probability of not 

being able to satisfy the call centre requirements is 5
2

4 4 3!2! 2
5! 5

×= =
C

. 

A simplistic calculation leads to a probability of failing three times of 
32 8 6.4%

5 125
  = = 
 

; a 

pretty small but not negligible amount. However, if I keep a record on the first (and possibly 
second) attempts of my failed guess for the fifth number, then I can improve on this slightly, 
since I obviously won’t try the same fifth number twice. 

[B]Pascal proof 
What does this prove? 

( 1)! ( 1)!
( 1 ( 1))!( 1)! ( 1 )! !

( 1)! ( 1)!( )
( )! ! ( )! !
( 1)!( ( )) ( 1)! !

( )! ! ( )! ! ( )! !

n n
n r r n r r

n r n n r
n r r n r r
n r n r n n n

n r r n r r n r r

− −+
− − − − − −

− − −= +
− −
− + − −= = =

− − −

It shows that 1 1
1

n n n
r r rC C C− −
− + = , the familiar method of finding any element of Pascal’s 

Triangle by summing the two elements above it.  

You can also prove it by the following argument: Imagine that you are choosing r objects 
from n objects and think about one of the n objects separately from the other (n – 1) objects. 
This one is either included in your choice of objects or it isn’t.  

If it is included then there are (r – 1) objects left to choose from (n – 1), and that can be done 
in n – 1Cr – 1 ways. On the other hand, if that object isn’t included then you have to choose all r
objects from only (n – 1) objects, and there are n – 1Cr ways of doing that.  

These two possibilities are mutually exclusive, so the total number of ways of choosing r
objects from n will be the sum of these two numbers; i.e., n – 1Cr – 1 + n – 1Cr = nCr. 
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The attached document has been downloaded or otherwise acquired from the website of the 
Association of Teachers of Mathematics (ATM) at www.atm.org.uk 

Legitimate uses of this document include printing of one copy for personal use, reasonable 
duplication for academic and educational purposes. It may not be used for any other purpose in 
any way that may be deleterious to the work, aims, principles or ends of ATM. 

Neither the original electronic or digital version nor this paper version, no matter by whom or in 
what form it is reproduced, may be re-published, transmitted electronically or digitally, projected 
or otherwise used outside the above standard copyright permissions. The electronic or digital version may not be uploaded to a 
website or other server. In addition to the evident watermark the files are digitally watermarked such that they can be found on 
the Internet wherever they may be posted. 

Any copies of this document MUST be accompanied by a copy of this page in its entirety. 

If you want to reproduce this document beyond the restricted permissions here, then application MUST be made for EXPRESS 
permission to copyright@atm.org.uk 

 
The work that went into the research, production and preparation of 
this document has to be supported somehow. 
ATM receives its financing from only two principle sources: 
membership subscriptions and sales of books, software and other 
resources. 

 
Membership of the ATM will help you through  

 
• Six issues per year of a professional journal, which focus on the learning and teaching of 
maths. Ideas for the classroom, personal experiences and shared thoughts about 
developing learners’ understanding. 

• Professional development courses tailored to your needs. Agree the content with us and 
we do the rest.  

• Easter conference, which brings together teachers interested in learning and teaching mathematics, with excellent 
speakers and workshops and seminars led by experienced facilitators.  

• Regular e-newsletters keeping you up to date with developments in the learning and teaching of mathematics. 
• Generous discounts on a wide range of publications and software. 
• A network of mathematics educators around the United Kingdom to share good practice or ask advice. 
• Active campaigning. The ATM campaigns at all levels towards: encouraging increased understanding and enjoyment 
of mathematics; encouraging increased understanding of how people learn mathematics; encouraging the sharing 
and evaluation of teaching and learning strategies and practices; promoting the exploration of new ideas and 
possibilities and initiating and contributing to discussion of and developments in mathematics education at all 
levels.                                                                                                                                                                   

• Representation on national bodies helping to formulate policy in mathematics education. 
• Software demonstrations by arrangement.   
 
Personal members get the following additional benefits:  
 
• Access to a members only part of the popular ATM website giving you access to sample materials and up to date 
information.  

• Advice on resources, curriculum development and current research relating to mathematics education.  
• Optional membership of a working group being inspired by working with other colleagues on a specific project. 
• Special rates at the annual conference 
• Information about current legislation relating to your job.  
• Tax deductible personal subscription, making it even better value  
 
Additional benefits 
 
The ATM is constantly looking to improve the benefits for members. Please visit www.atm.org.uk regularly for new 
details. 
 

LINK: www.atm.org.uk/join/index.html 
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