
127(6� ����

SDUDOOHO�WR�WKH�\�D[LV�� 7KH� DERYH� DQDO\VLV�QRZ�DOORZV�WKH�SDUW�RI�WKH�
K\SHUEROD�O\LQJ�LQ�WKH�ILUVW�TXDGUDQW�WR�EH�VNHWFKHG�DV�LQ�)LJXUH����ZKLOH�LWV�
V\PPHWU\�DERXW�WKH�[�DQG�\�D[HV�\LHOGV�WKH�UHPDLQGHU�RI�WKH�FXUYH�LQ�WKH�
RWKHU�TXDGUDQWV��

678$57� 6,0216�
���(DJOH�/RGJH��*ROGHUV�*UHHQ�5RDG��/RQGRQ�1:����%'�

H�PDLO��MFVLPRQVO�#DRO�FRP�

������,VRPHWULF�JUDSKV�
'XULQJ�D� GHVSHUDWH�VKRUWDJH�RI� VTXDUHG�SDSHU��PDWKHPDWLFV�PXVW�

QHYHUWKHOHVV�JR�RQ��DQG�VR�PDWKHPDWLFLDQV�KDYH�WR�UHVRUW�WR�LVRPHWULF�SDSHU�
LQVWHDG��RQ�ZKLFK�WR�GUDZ�WKHLU�JUDSKV��,QVWHDG�RI�WKH�XVXDO�RUWKRJRQDO�[�DQG�
\�D[HV��WKH\�GUDZ�;�DQG�<�D[HV�DW�I�DQG�SORW�WKH�FRRUGLQDWHV�DW�WKH�LVRPHWULF�
ODWWLFH�SRLQWV�LQ�WKH�SODQH�� +RZ�GR�IDPLOLDU�JUDSKV�ORRN�ZKHQ�SORWWHG�RQ�
LVRPHWULF�D[HV"�

)URP�)LJXUH����ZH�FDQ�UHODWH�D�SRLQW��[��\��LQ�WKH�OHIW�GUDZLQJ�WR�WKH�
SRLQW��;��<�� LQ�WKH�ULJKW�GUDZLQJ�E\�[�  � ;�FRV�I�DQG�\� � <���;�VLQ�I���
6R�� LQ�JHQHUDO��WKH�SRLQW�ZLWK�RUGLQDU\�FDUWHVLDQ�FRRUGLQDWHV��MF��\��KDV�
FRRUGLQDWHV��AS[��\��� <[�� ZA� UHVSHFW�WR�LVRPHWULF�D[HV�� $OWHUQDWLYHO\��
WKH�SRLQW�UHIHUUHG�WR�DV� �;��<�� LQ�WKH�LVRPHWULF�SODQH�LV�\A;��?;��� <��
UHODWLYH�WR�RUWKRJRQDO�FDUWHVLDQ�D[HV�� �7KHVH�HTXDWLRQV�HQDEOH�DQ\�RI�WKH�

LVRPHWULF�JUDSKV
�EHORZ� WR�EH� SURGXFHG�XVLQJ�RUGLQDU\�JUDSK�GUDZLQJ�
VRIWZDUH�E\�HQWHULQJ�WKH�DSSURSULDWHO\�WUDQVIRUPHG�HTXDWLRQV���
\I� UI�
� �

AMA<A�

� ��� � 8WO,�� -�
�
;� ;�

),*85(���

6R�ZH�FDQ�LQYHVWLJDWH�WKH�SURSHUWLHV�RI�ZRUNLQJ�LQ�
LVRPHWULF�ODQG
�DQG�
FRQVLGHU�KRZ�WKH�JUDSKV�RI�IDPLOLDU�HTXDWLRQV�VXFK�DV� <�  � ;��ZLOO�ORRN�
ZKHQ�SORWWHG�LQ�WKLV�ZD\��

���6WUDLJKW�OLQHV�

6WUDLJKW�OLQHV�DUH�VWLOO�VWUDLJKW��VLQFH�ZH�FDQ�ZULWH�

�+L���D��
DQG�VWUDLJKW�OLQHV�UHPDLQ�DV�VWUDLJKW�OLQHV�XQGHU�OLQHDU�WUDQVIRUPDWLRQV��

This content downloaded from 86.15.27.125 on Tue, 30 Jun 2015 15:49:04 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


���� 7+(�0$7+(0$7,&$/�*$=(77(�

,I�D� VWUDLJKW�OLQH�KDV�HTXDWLRQ�<�  � P;��� F� LQ�WKH�LVRPHWULF�SODQH�
�ZKHUH�P�LV�WKH�JUDGLHQW�DQG�F�LV�WKH�<�LQWHUFHSW���WKHQ�\� �A��P� ��?�[���F�
LV�WKH�HTXDWLRQ�RI�WKH�VDPH�OLQH�LQ�WKH�FDUWHVLDQ�SODQH�� 7KH�JUDGLHQW�UUL�RI�
VXFK�D�OLQH��DV�XVXDOO\�GHILQHG��UHODWLYH�WR�KRUL]RQWDO�DQG�YHUWLFDO�GLUHFWLRQV���
LV�WKHUHIRUH�P
� � A��P� �� ���VR��DV�P�LQFUHDVHV��P
�LQFUHDVHV�DW�WKH�UDWH�

�� ��  � ���� ��ZKLFK�LV�JUHDWHU�WKDQ����VR�WKH�JUDGLHQWV�RI�OLQHV�LQFUHDVH�PRUH�
GP� ��
TXLFNO\�RQ�WKH�LVRPHWULF�D[HV�WKDQ�WKH\�GR�RQ�FDUWHVLDQ��/LQHV�SDUDOOHO�WR�WKH�
)�D[LV�KDYH�HTXDWLRQV�;�  � N��RU�[�  � A�N�LI�\RX�SUHIHU���

���3DUDERODV�
&RQLHV�ZLOO�VWD\�DV�FRQLHV��VLQFH�WKH�WUDQVIRUPDWLRQ�LV�OLQHDU��

W�� ᒹ� ᒹ�
?[�LWQ�X�Y�9� A��<A� QQWDLQ�X� ᒹ� �����9�� ���

,�
9�?��

,�
��

%HJLQQLQJ�
W��.APQQLQUU�

ᒹ� ᒹ�
ZLWK�?[�LWQ�X�<�Y�9�  � � ;���A��<A� ZH�Z�I� REWDLQ�QQWDLQ�X� ᒹ�

\�L!�  � �%HJLQQLQJ�
W��.APQQLQUU� ZLWK�?[�LWQ�X�<�Y�9�  � � ;���A��<A� Z�I�ZH�QQWDLQ�REWDLQ�X� L!�  � ����� A�� AA��  � �� ,�Y� ��� �� �� ,� �� ��

VR�WKH�WUDQVIRUPHG�FXUYH�LV�VWLOO�D�SDUDEROD��EXW�LW�LV�QRW�V\PPHWULFDO�DERXW�
WKH�\�D[LV��KDYLQJ�D� OLQH�RI�V\PPHWU\�DW�[�  � a<� RU�;�  � �e��VR� WKH�
PLQLPXP�SRLQW�LV� ��A�� �A�FDUWHVLDQ�RU�+�� A�LVRPHWULF���,Q� WKH�LVRPHWULF�

SODQH��ZH�WDNH�
PLQLPXP�SRLQW
�WR�PHDQ�WKH�SRVLWLRQ�DW�ZKLFK�WKHUH�LV�D�
KRUL]RQWDO�WDQJHQW��UDWKHU�WKDQ�D�WDQJHQW�SDUDOOHO�WR�WKH�;�D[LV��ZKLFK��RI�
FRXUVH��KDSSHQV�DW�WKH�RULJLQ��DV�LQ�WKH�FDUWHVLDQ�UHSUHVHQWDWLRQ���

W�� ᒹ� ᒹ�
?[�LWQ�X�Y�9� A��<A� QQWDLQ�X� ᒹ� �����9�� ���

,�
9�?��

,�
��

%HJLQQLQJ�
W��.APQQLQUU�

ᒹ� ᒹ�
ZLWK�?[�LWQ�X�<�Y�9�  � � ;���A��<A� ZH�Z�I� REWDLQ�QQWDLQ�X� ᒹ�

\�L!�  � �%HJLQQLQJ�
W��.APQQLQUU� ZLWK�?[�LWQ�X�<�Y�9�  � � ;���A��<A� Z�I�ZH�QQWDLQ�REWDLQ�X� L!�  � ����� A�� AA��  � �� ,�Y� ��� �� �� ,� �� ��

This content downloaded from 86.15.27.125 on Tue, 30 Jun 2015 15:49:04 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


127(6� ����

���&LUFOHV�

),*85(���

7KH�XQLW�FLUFOH�FHQWUHG�RQ�WKH�RULJLQ��;����<�� � ���WUDQVIRUPV�WR�WKH�
HOOLSVH�6[���� �?>"![\���O\�� � ��ZKLFK��E\�V\PPHWU\��KDV�LWV�PDMRU�D[LV�
DORQJ�WKH�OLQH�\� � 9�MF�DQG�LWV�PLQRU�D[LV�DORQJ�\� � a<;�� 6ROYLQJ�WKH�
HTXDWLRQV�RI�HDFK�RI�WKHVH�OLQHV�VHSDUDWHO\�ZLWK�WKH�HTXDWLRQ�RI�WKH�HOOLSVH�
JLYHV�WKH�FRRUGLQDWHV�s��A�� A�� DQG�s��A�� �A��� IURP�ZKLFK�ZH�REWDLQ�D�
VHPL�PDMRU�D[LV�OHQJWK�RI�<� DQG�D�VHPL�PLQRU�D[LV�OHQJWK�RI�A�� KHQFH��WKH�
HFFHQWULFLW\�LV�<�� �7KHVH�YDOXHV�DUH�DOO�JLYHQ�DV�YLHZHG�LQ�WKH�[�\�SODQH���
)LJXUH���EHORZ�VKRZV�WKH�HOOLSVH��WRJHWKHU�ZLWK�WKH�FLUFOHV�[����\�� � A�DQG�
[����\�� � I���ZKLFK�DUH�WDQJHQWV�DW�WKH�HQGV�RI�WKH�PLQRU�DQG�PDMRU�D[HV�
UHVSHFWLYHO\��

),*85(���

This content downloaded from 86.15.27.125 on Tue, 30 Jun 2015 15:49:04 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


���� 7+(�0$7+(0$7,&$/�*$=(77(�

���([SRQHQWLDOV�
2QH�TXHVWLRQ�LV�ZKHWKHU�WKH�JUDSK�RI�DQ�HTXDWLRQ�VXFK�DV�\� � �;�FOLPEV�

PRUH�TXLFNO\�RU�OHVV�TXLFNO\�ZKHQ�GUDZQ�LQ�WKH�LVRPHWULF�ZD\��&RQYHUWLQJ�
<� � D��ZKHUH�D�LV�D�FRQVWDQW�JUHDWHU�WKDQ�]HUR��LQWR�\� � D�A�� ��<�[�DQG�

G\� �9���QD�0[� \��� �� ��
GLIIHUHQWLDWLQJ�JLYHV���  � � D7� ���� ��ZKHUHDV�WKH�GHULYDWLYH��� �� RI�

\� � D�LV�PHUHO\��� � D�,Q�D�� 7KH�GLIIHUHQFH�LQ�JUDGLHQW�ZKHQ�[� � ���IRU�
LQVWDQFH��LV�WKHUHIRUH�A���� �� ?����,Q�D��� O���ZKLFK�LV�JUHDWHU�WKDQ�]HUR�
ZKHQ�D� !� HaA����A�� 6R�D�JUDSK�VXFK�DV�\� � �;�GRHV�LQGHHG�JURZ�IDVWHU�RQ�
LVRPHWULF�D[HV��

&2/,1�)267(5�
.LQJ�+HQU\�9,,,�6FKRRO��:DUZLFN�5RDG��&RYHQWU\�&9���$4�

H�PDLO��FROLQ#IRVWHU���FR�XN�

������)RXUWK�GHJUHH�SRO\QRPLDOV�DQG�WKH�JROGHQ�UDWLR�
$�IDVFLQDWLQJ�SURSHUW\�RI�IRXUWK�GHJUHH�

SRO\QRPLDOV�ZLWK�WZR�UHDO�SRLQWV�RI�LQIOHFWLRQ�
)�DQG�*�KDV�EHHQ�GHVFULEHG�E\�0F0XOOLQ�LQ�
>�@�DQG�>�@�� /HW�(�DQG�+�EH�WKH�WZR�RWKHU�
SRLQWV�RI�LQWHUVHFWLRQ�EHWZHHQ�WKH�LQIOHFWLRQ�
VHFDQW�DQG�WKH�JUDSK��VHH�)LJXUH����7KHQ�

�5O�� () *+� DQG��5��� ��  �A�WO��
*+� ��

7KLV�PHDQV�WKDW�*�GLYLGHV�)+�LQWR�WKH�JROGHQ�
VHFWLRQ��

0RUHRYHU��
�$O�� $UHD�3�� � $UHD�̂)?�DQG�
�$��� ��[�$UHD�3�� � $UHD�&���

7KH�UHVXOWV��5O�� DQG��5���ZHUH�VWDWHG�
DQG�SURYHG�E\�$XGH�LQ�������VHH�>�@��+H�DOVR�
PHQWLRQV�WKDW�WKH�DUHD�SURSHUWLHV�ZHUH�SURYHG�
E\� D� VWXGHQW�LQ� ������ 0\� DLP� LV� ),*85(���

WR�XVH�DIILQH�WUDQVIRUPDWLRQV�WR�SURYH�WKH�FODLPV��7KLV�KDV�WZR�DGYDQWDJHV��
)LUVW��ZLWK�WKH�H[FHSWLRQ�RI��5O���WKH�SURRIV�DUH�FOHDUO\�VKRUWHU�WKDQ�D�ZKROO\�
DOJHEUDLF�DSSURDFK��6HFRQG��WKH�WUDQVIRUPDWLRQ�SURRIV�H[SODLQ�ZK\�WKH�
UHVXOWV�DUH�WUXH��3XUH�DOJHEUDLF�PDQLSXODWLRQV�FDQ�FRQYLQFH�XV�WKDW�D�
FRQMHFWXUH�LV� WUXH��EXW�RIWHQ�VXFK�SURRIV�GR� QRW�JLYH�VDWLVIDFWRU\�
H[SODQDWLRQV��,W�LV�DQ�ROG�REVHUYDWLRQ�WKDW�VRPH�SURRIV�MXVW�FRQYLQFH�DQG�
RWKHUV�DOVR�H[SODLQ��VHH�>�@�IRU�LQVWDQFH��

7KH� LGHD� RI� WKH� SURRI�LV� WKDW�WKH� JUDSK�RI� DQ\� TXDUWLF�
��MF�� �D[����E[����H[����G[���H�ZLWK�WZR�UHDO�SRLQWV�RI�LQIOHFWLRQ�FDQ�EH�
PDSSHG�WR�WKH�JUDSK�RI�WKH�ELTXDGUDWLF�SRO\QRPLDO�J��MF�� � MF���� �D������
E\�DQ�DIILQH�WUDQVIRUPDWLRQ�[A0[� ��W��+HUH�W�LV�D���[���YHFWRU�DQG�0�DQ�

This content downloaded from 86.15.27.125 on Tue, 30 Jun 2015 15:49:04 UTC
All use subject to JSTOR Terms and Conditions


	Article Contents
	p. 289
	p. 290
	p. 291
	p. 292

	Issue Table of Contents
	The Mathematical Gazette, Vol. 93, No. 527 (Jul., 2009) pp. 193-384
	Front Matter
	The Hyperexponential Function $hyp(x) = x^{x^{x^{.^{.^. } } } } $: An Exercise in Convergence [pp. 193-199]
	On a Simple Set of Integers [pp. 200-212]
	Relation between Work in Two Inertial Frames [pp. 213-221]
	More Interlinked Loops [pp. 222-227]
	Geoboards, Polygons and Pick's Theorem [pp. 228-231]
	Conjugation 1 – Conjugate Points in a Triangle [pp. 232-236]
	A Modern Look at a Neglected Summation Formula by Euler [pp. 237-243]
	Free Flight Trajectory of a Ballistic Missile [pp. 244-255]
	Matters of Debate
	Uncountability [pp. 256-256]
	Perfectly Marked, Fair Tests with Unfair Marks [pp. 256-260]

	Notes
	93.18 Identities for Generalised Fibonacci Numbers [pp. 261-268]
	93.19 a Property Shared by Almost All Even Perfect Numbers [pp. 269-271]
	93.20 Egyptian Fraction Representations of 1 with Odd Denominators [pp. 271-276]
	93.21 Rational Walks in the Unit Square [pp. 276-277]
	93.22 More on Sums of Powers of an Arithmetic Progression [pp. 277-279]
	93.23 Summing Powers of Natural Numbers [pp. 279-285]
	93.24 Vandermonde for Cydicity [pp. 285-287]
	93.25 Introducing the Hyperbola [pp. 288-289]
	93.26 Isometric Graphs [pp. 289-292]
	93.27 Fourth Degree Polynomials and the Golden Ratio [pp. 292-295]
	93.28 on the Area Enclosed by the Curve or x⁴ + y⁴ = 1 [pp. 295-299]
	93.29 Sequences for e Revisited [pp. 299-299]
	93.30 a Simple Combinatorial Proof of the Theorem of the Means [pp. 300-301]
	93.31 Extrema of xy + yz + zx Where x + y + z and xyz Are Constant [pp. 301-305]
	93.32 the Area of a Quadrilateral [pp. 306-309]
	93.33 on a Morsel of Ross Honsberger [pp. 309-312]
	93.34 a Radical Centre on the Euler Line [pp. 312-314]
	93.35 the Number of Permutations of Partitions of a Positive Integer [pp. 314-316]
	93.36 Cutting up a k-Dimensional Hypercube with a (k - 1)-Dimensional Saw [pp. 316-322]
	93.37 Some Thoughts on Survival [pp. 323-327]
	93.38 an Unusual Probability Generating Function [pp. 328-331]
	93.39 the Most Scalene Triangle [pp. 331-338]
	93.40 Modelling Scissors [pp. 338-343]
	93.41 a Variational Approach to the Flexural Energy of a Horizontal Beam [pp. 343-347]
	93.42 a Special Gravitating Annulus [pp. 347-352]

	Teaching Notes
	Basic Expectations [pp. 352-353]
	Nesting Similar Pythagorean Triangles [pp. 354-356]

	Feedback [pp. 357-366]
	Problem Corner [pp. 367-373]
	Student Problems [pp. 374-376]
	Reviews
	Review: untitled [pp. 380-381]
	Review: untitled [pp. 381-382]
	Review: untitled [pp. 382-383]
	Review: untitled [pp. 383-383]

	Back Matter



