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96.30 Quadratic doublets
I have known for some time that is a convenient

examplewhen teachingquadratics,becauseit is a monic quadratic(one in
which thecoefficientof is 1) thatfactorisesbutcanquickly beturnedinto
a non-monic quadratic that also factorises, simply by changing the
coefficient of  from 1 to 2:

x2 + 17x + 30

x2

x2

x2 + 17x + 30 = (x + 2) (x + 15) ;

2x2 + 17x + 30 = (2x + 5) (x + 6) .
This works because17 can be partitionedinto or into . A
simplerexampleof thesamething is , which relieson the fact
that  or :

2 + 15 5 + 12
x2 + 7x + 6

7 = 1 + 6 3 + 4

x2 + 7x + 6 = (x + 1) (x + 6) ;

2x2 + 7x + 6 = (2x + 3) (x + 2) .
This set me wondering which other monic quadratics with integer
coefficientswould do this. It is important that the coefficientof and the
constantterm are not both even, otherwise the non-monic version will
merely reduce to a multiple of anothermonic quadratic (e.g., changing

 into  simply leads to a monic ‘in disguise’).

x

x2 + 14x + 24 2x2 + 14x + 24
Considering the general case, we can begin with

(2x + a) (x + b) = 2x2 + (a + 2b) x + ab

where and arenon-zerointegers. Now we changethe coefficientof
from 2 to 1 and we want

a b x2

x2 + (a + 2b) x + ab

to factorise.This will happenif, and only if, the discriminantis a perfect
square; that is, if

(a + 2b)2 − 4ab = k2,
where  is an integer.k

This gives

a2 + (2b)2 = k2,
so and must form the two legs of a Pythagoreantriangle. Sinceall
primitive Pythagoreantriples can be expressedas ,
where and are integers, at least one leg (the one) of any
Pythagorean triangle is always even, so  can be assumed to be an integer.

a 2b
(m2 − n2, 2mn, m2 + n2)

m n 2mn
b

Looking at the first few Pythagoreantriples,andbearingin mind that
and canbepositiveor negative,we obtainthequadraticslistedin Table1.
(Shadingindicatessituationsin which the non-monicquadraticis simply a
multiple of a monic.) I find the pair ,
particularly beautiful because of the manner in which the 6 and 9 interplay.

a
b

x2 + 3x − 54 2x2 + 3x − 54



NOTES 265

Triple a b Quadratic a b Quadratic

(3,  4,  5) 3 2 x2 + 7x + 6= (x + 1)(x + 6) −3 −2 x2 − 7x + 6= (x − 1)(x − 6)
2x2 + 7x + 6= (2x + 3)(x + 2) 2x2 − 7x + 6= (2x − 3)(x − 2)

−3 2 x2 + x − 6= (x + 3)(x − 2) 3 −2 x2 − x − 6= (x − 3)(x + 2)
2x2 + x − 6= (2x − 3)(x + 2) 2x2 − x − 6= (2x + 3)(x − 2)

(6, 8, 10) 6 4 x2 + 14x + 24= (x + 2)(x + 12) −6 −4 x2 − 14x + 24= (x − 2)(x − 12)
2x2 + 14x + 24= 2(x2 + 7x + 12) 2x2 − 14x + 24= 2(x2 − 7x − 12)

= 2(x + 3)(x + 4) = 2(x − 3)(x − 4)

−6 4 x2 + 2x − 24= (x + 6)(x − 4) 6 −4 x2 − 2x − 24= (x − 6)(x + 4)
2x2 + 2x − 24= 2(x2 + x − 12) 2x2 − 2x − 24= 2(x2 − x − 12)

= 2(x − 3)(x + 4) = 2(x + 3)(x − 4)
(9, 12, 15) 9 6 x2 + 21x + 54= (x + 3)(x + 18) −9 −6 x2 − 21x + 54= (x − 3)(x − 18)

2x2 + 21x + 54= (2x + 9)(x + 6) 2x2 − 21x + 54= (2x − 9)(x − 6)
−9 6 x2 + 3x − 54= (x + 9)(x − 6) 9 −6 x2 + 3x − 54= (x + 9)(x − 6)

2x2 + 3x − 54= (2x − 9)(x + 6) 2x2 + 3x − 54= (2x + 9)(x − 6)
(5, 12, 13) 5 6 x2 + 17x + 30= (x + 2)(x + 15) −5 −6 x2 − 17x + 30= (x − 2)(x − 15)

2x2 + 17x + 30= (2x + 5)(x + 6) 2x2 − 17x + 30= (2x − 5)(x − 6)
−5 6 x2 + 7x − 30= (x − 3)(x + 10) 5 −6 x2 − 7x − 30= (x + 3)(x − 10)

2x2 + 7x − 30= (2x − 5)(x + 6) 2x2 − 7x − 30= (2x + 5)(x − 6)
(8, 15, 17) 15 4 x2 + 23x + 60= (x + 3)(x + 20) −15 −4 x2 − 23x + 60= (x − 3)(x − 20)

2x2 + 23x + 60= (2x + 15)(x + 4) 2x2 − 23x + 60= (2x − 15)(x − 4)
−15 4 x2 − 7x − 60= (x − 5)(x + 12) 15 −4 x2 + 7x − 60= (x + 5)(x − 12)

2x2 − 7x − 60= (2x − 15)(x + 4) 2x2 + 7x − 60= (2x + 15)(x − 4)

TABLE 1

It is interestingto considerwhether this can be generalisedto other
coefficients of . If the coefficient of  is a prime , then we can writex2 x2 p

(px + a) (x + b) = px2 + (a + pb) x + ab

and we want

x2 + (a + pb)x + ab

to factorise, which will happen if, and only if,

(a + pb)2 − 4ab = k2,
where  is an integer. We can write this ask

(a + b (p − 2))2 + (2b)2 (p − 1) = k2,
which is of Pythagoreantriple form if, andonly if, is a perfectsquare.
This meansthat we can constructquadraticdoubletsusing Pythagorean
triplesonly in caseswherethecoefficientof is 1 morethana square.This
clearly includesour initial case,where , and the next casewill be

. Using the  Pythagorean triple leads to the doublet:

p − 1

x2

p = 2
p = 5 (5,  12,  13)

x2 + 11x − 12 = (x + 12) (x − 1)
5x2 + 11x − 12 = (5x − 4) (x + 3) .
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However,it is not immediatelyapparentthatothercases,suchas , are
impossible.And when is notprime, is no longertheonly
possiblefactorisation.Nor is it clearwhetherit might be possibleto find a
quadratictriplet (or higher),in which thecoefficientof cantake three(or
more) distinct integer values.

p = 3
p (px + a) (x + b)

x2
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in which the situation where the related quadratics and
both factorise is explored.Interestingly,the initial example

given here, , also satisfies that condition, since
.

x2 + bx + c
x2 + bx − c

2x2 + 17x + 30
2x2 + 17x − 30 = (2x − 3) (x + 10)
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