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96.47 Squares within squares
Whena squareis drawnwith all of its verticeson the latticepointsof a

squaregrid, how many whole squarescan be containedinside it? For
example,for thetilted squareshownin Figure1, thereare13 whole squares
inside.Is it possibleto drawa squarecontaininganygivennumberof whole
squares?

FIGURE 1: Thirteen whole squares inside a tilted square

Consider the four right-angled triangles around the edge, whose
proportionsdefinetheslopeof the tilting square,andlet the lengthsof their
legs be and . Then Pythagoras'theoremgives us an upper bound of

for themaximumnumberof wholesquareswhich canbe insidethe
largesquare.Clearlythis numberwill beachievedonly wheneither or is
zeroand the sidesof the squareare parallel to the grid lines. For a tilted
square,such as the one shown in Figure 1, we will obtain fewer whole
squares,andfor thecaseshownwhere and we canseethe13
visually as (Figure 2), suggestingthat undercertaincircumstances
the number of whole squares inside the tilted square will be 

a b
a2 + b2

a b

a = 3 b = 4
22 + 32

(a − 1)2 + (b − 1)2 = a2 + b2 − 2 (a + b) + 2.
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FIGURE 2:  13 = 22 + 32

However,in generaltwo consecutivesquaresneednot be apparent,so
we begin insteadwith the result that the numberof squarescut by the
diagonalof an rectangleis given by , where is the
highestcommonfactor of and [1]. This meansthat the numbernot cut
by the diagonal (the shaded ones in Figure 3) is .

a × b a + b − h h
a b

ab − (a + b) + h

FIGURE 3:  The squares in a rectangle that are not cut by the diagonal

So, by symmetry,the shadedsquaresunderneaththe diagonalline in
Figure3 will be . This will alwaysbe an integerbecause
theexpression will alwaysbeeven,asshownin Table1
(notethat becausethe expressionaboveis symmetricalin and it is not
necessary to consider separately the case where  is even and  is odd):

1
2 (ab − (a + b) + h)

ab − (a + b) + h
a b

a b

a b ab a + b h

odd odd odd even odd

odd even even odd odd

even even even even even

TABLE 1: odd − even + odd = even − odd + odd = even − even + even = even

It follows from this that the numberof whole squaresoutsidethe tilted
square(Figure 4) will be , so since the large
squarecontains little squares,andtheperimeterof the tilted square
passesthrough squaresin total, thenumberof whole squares
left inside the tilted square (Figure 1) is given in general by

4 × 1
2 (ab − (a + b) + h)

(a + b)2

4(a + b − h)

(a + b)2 − 2 (ab − (a + b) + h) − 4 (a + b − h)
= a2 + b2 − 2 (a + b − h)
= (a − 1)2 + (b − 1)2 + 2 (h − 1) .

Thus, when and are coprime ( ), the numberof whole squares
insidethe tilted squareis a sumof two squares,asin theexamplediscussed
earlier where  and .

a b h = 1

a = 3 b = 4
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FIGURE 4:  Shaded squares outside the tilted square

The numberof whole squaresfor somedifferent valuesof and are
givenin Table2. Thenumbersof wholesquaresthatcanbecontainedinside
a squaredrawnwith all of its verticeson lattice pointsare:0, 1, 4, 5, 9, 12,
13,16, 17, 20, 24, 25,28, 33, 36, 37, 40, 41,45, 49, 52, 53, 60, 61,64, 65,
72, 73, 76, 80, 81, 84, 85, 92, 93, 100,  [2]

a b

…

a\b 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0 1 4 9 16 25 36 49 64 81 100 121 144 169 196

2 1 4 5 12 17 28 37 52 65 84 101 124 145 172 197

3 4 5 12 13 20 33 40 53 72 85 104 129 148 173 204

4 9 12 13 24 25 36 45 64 73 92 109 136 153 180 205

5 16 17 20 25 40 41 52 65 80 105 116 137 160 185 220

6 25 28 33 36 41 60 61 76 93 108 125 156 169 196 225

7 36 37 40 45 52 61 84 85 100 117 136 157 180 217 232

8 49 52 53 64 65 76 85 112 113 132 149 176 193 220 245

9 64 65 72 73 80 93 100 113 144 145 164 189 208 233 264

10 81 84 85 92 105 108 117 132 145 180 181 204 225 252 285

11 100 101 104 109 116 125 136 149 164 181 220 221 244 269 296

12 121 124 129 136 137 156 157 176 189 204 221 264 265 292 321

13 144 145 148 153 160 169 180 193 208 225 244 265 312 313 340

14 169 172 173 180 185 196 217 220 233 252 269 292 313 364 365

15 196 197 204 205 220 225 232 245 264 285 296 321 340 365 420

TABLE 2:  The number of whole squares contained in a square drawn with all its
vertices on the lattice points of a square grid ( and  are defined in the text)a b
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