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NOTES 109

96.07 Symmetrical cubics
It is commonknowledgeto sixth-form studentsthat when a parabola

crossesthe -axisthe turning point is midwaybetweenthe two -intercepts.
So if the roots are known, there is no need to completethe squareor
differentiateto find the coordinatesof the turning point. Since,to a good
approximation,parabolasdescribethe path of a projectile close to the
surfaceof the earth, this meansthat over horizontal ground the range is
twice the horizontaldistanceto the highestpoint, and this is an often-used
short cut to solving mechanics problems.

x x

Following somework exploiting this, a studentwas staringat a sketch
of the graphof (Figure 1) andwonderingaboutthe stationary
points. “It doesn't work for cubics, does it?”

y = x3 − x

I suggestedhe usecalculusto find the positionsof the turning points,
which he did, obtaining , with magnitudeclearly greaterthan ,
confirming his visual impressionthat the turning pointswerenearerto the
roots at  than to the one at the origin.
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FIGURE 1:  y = x3 − x

He wonderedwhethertranslatingthecurvevertically might leadto two
of the roots becomingequidistantfrom one of the turning points, but the
shapedid not lead him to think that this would work. So he wondered
whetherhecouldfind a cubicin which a turningpoint wasmidwaybetween
the nearest two roots.

For the questionto arise,the cubic musthavetwo (andthusthree)real
roots, so we can consider the cubic

y = (x − a) (x − b) (px + q)
and differentiate, giving

dy

dx
= (x − a) (x − b) p + (2x − (a + b)) (px + q) .
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So when , we havex = 1
2 (a + b)

dy

dx
= −

(a − b)2 p

4
,

so if, andonly if, , the situationof repeatedrootswherethe
curvetouchesthe -axis.So, other than in this trivial case,a cubic turning
point cannot be midway between two roots.

dy
dx = 0 a = b

x

A relatedquestionis to introducea line , where is a constant,
suchthat the intersectionsof the line with thecubic occurequal -distances
eithersideof a turningpoint. For example,we canarrangethat
and  do this if  when .

y = mx m
x

y = x3 − x
y = mx x3 − x = mx x = 2

3 3
So , giving , so ,

giving . This means that the required line is  (Figure 2).
x (x2 − (m + 1)) = 0 x = ± m + 1 m + 1 = 2
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FIGURE 2: The curve  and the line y = x3 − x y = 1
3x

We failed in our original problemwith cubics;however,for a quartic
we cando it. We canconsidera generalquarticwith roots and , having
the equation

a b

y = (x − a) (x − b) (px2 + qx + r) .
Differentiating this time gives

dy
dx

= (x − a) (x − b) (2px + q) + (2x − (a + b)) (px2 + qx + r) .

So when , we have , so
if, and only if, .

x = 1
2 (a + b) dy

dx = −1
4 (a− b)2(p(a + b) + q) dy

dx = 0
q = −p(a + b)

A particularexamplewould be where , , ,
and , giving , as shown in Figure 3.

a = 0 b = 2 p = 1 q = −2
r = −1 y = x (x − 2) (x2 − 2x − 1)
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FIGURE 3: y = x4 − 4x3 + 3x2 + 2x

Note that the remaining real roots (if any) are therefore given by

px2 − (a + b) px + r = 0

and, since the sum of theseroots is , they are equidistantfrom
, showing that the quartic is symmetrical about this line.

(a + b)
x = 1

2 (a + b)
In fact, for quartics (and other even-degreepolynomials), like

quadratics,it is easy to find examples– the equation , for
instance.The real challengewas to do so for odd-degreepolynomials.We
hadprovedthat it wasimpossiblefor cubics:would it bealsoimpossiblefor
a quintic, say? For higher-degreepolynomialswith two roots and , we
can take ; i.e.,

.

y = x4 − 1

a b
y = (x − a) (x − b) (pnx

n + pn − 1x
n − 1 +  …  + p0)

y = (x − a) (y − b) ∑
n

i = 0
pix

i

Now, .

Again, when , , and this

can equal zero. For the quintic, , and choosingvalues and
, as before,gives the equation , so a possible

solution would be , , and , giving
, as shown in Figure 4.

dy

dx
= (x − a) (y − b) ∑

n

i = 1

ipi  xi − 1 + (2x − (a + b)) ∑
n

i = 0

pix
i

x = 1
2 (a + b)

dy

dx
= −

(a − b)2

4 ∑
n

i = 1

ipi (a + b

2 )i − 1

n = 3 a = 0
b = 2 3p3 + 2p2 + p1 = 0

p3 = 1 p2 = −1 p1 = −1 p0 = 5
y = x (x − 2) (x3 − x2 − x + 5)

So turning points can lie midway betweenroots for all polynomials
exceptcubics.Whatoriginally seemedlike a peculiarpropertyof quadratics,
turns out to be achievable(thoughby no meanscommon)for everything
except cubics!
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FIGURE 4: y = x5 − 3x4 + x3 + 7x2 − 10x
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