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NOTES 109

96.07 Symmetrical cubics

It is commonknowledgeto sixth-form studentsthat when a parabola
crosseghe x-axisthe turning point is midway betweenthe two x-intercepts.
So if the roots are known, there is no needto completethe squareor
differentiateto find the coordinatesof the turning point. Since,to a good
approximation,parabolasdescribethe path of a projectile close to the
surfaceof the earth, this meansthat over horizontal ground the rangeis
twice the horizontaldistanceto the highestpoint, and this is an often-used
short cut to solving mechanics problems.

Following somework exploiting this, a studentwas staringat a sketch
of thegraphof y = x® — x (Figure 1) and wonderingaboutthe stationary
points. “It doesn't work for cubics, does it?”

| suggestede use calculusto find the positionsof the turning points,
which he did, obtainingx = i@, with magnitudeclearly greaterthan 3,
confirming his visual impressionthat the turning points were nearerto the
roots at+1 than to the one at the origin.
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FIGURELl: y = x3 — X

He wonderedwhethertranslatingthe curve vertically might lead to two
of the roots becomingequidistantfrom one of the turning points, but the
shapedid not lead him to think that this would work. So he wondered
whetherhe couldfind a cubicin which a turning point wasmidway between
the nearest two roots.

For the questionto arise,the cubic musthavetwo (andthusthree)real
roots, so we can consider the cubic

y=x-aX-b(x+aq
and differentiate, giving
dy

o - X-Ax-Dbp+ (2x - (a + b)) (px + ).
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So wherx = 3(a + b), we have

dy (a-byip

dx 4
sog’%’ = 0if, andonly if, a = b, the situationof repeatedootswherethe
curvetouchesthe x-axis. So, otherthanin this trivial case,a cubic turning
point cannot be midway between two roots.

A relatedquestionis to introducealiney = nx, wherem s a constant,
suchthatthe intersectionf the line with the cubic occurequalx-distances
eithersideof a turning point. For example we canarrangethaty = x3 — x
andy = mx do this ifx®* — x = mxwhenx = %V3.

Sox(x - (m+ 1) = 0,givingx = xvm + 1, sovm + 1 = %/3,
givingm = 3. This means that the required lingzis= 3x (Figure 2).

1

FIGURE 2: The curvey = x® — x and the lingy = 3x

We failed in our original problemwith cubics; however,for a quartic
we cando it. We can considera generalquarticwith rootsa andb, having
the equation

y=(X-ax-b({é+agx+r).
Differentiating this time gives

% = (x-aXx-b@x+qg +(x-(@+b)(pé+agx+r).
Sowhenx = 3(a + b), we have% = -3(a-by®(p(a+b)+q), so g—i =0
if, and only if,g = —p(a + b).

A particularexamplewould bewherea = 0,b = 2,p = 1,q = -2
andr = -1, givingy = x(x — 2)(x* - 2x — 1), as shown in Figure 3.
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FIGURE3:y = x* — &¢ + 3¢ + 2x
Note that the remaining real roots (if any) are therefore given by

pé — @+ bypx+r =0

and, since the sum of theseroots is (a + b), they are equidistantfrom
X = %(a + b), showing that the quartic is symmetrical about this line.
In fact, for quartics (and other even-degreepolynomials), like
quadratics,it is easyto find examples— the equationy = x* — 1, for
instance The real challengewasto do so for odd-degreepolynomials.We
hadprovedthatit wasimpossiblefor cubics:would it be alsoimpossiblefor
a quintic, say? For higher-degregolynomialswith two rootsa and b, we
can take y = (x —a)(X — (X" + poo X"+ .+ ) ie.,
n

y = x-a(y-b X px.

Now, d _ x-a(y-bYipX '+ (2x-(@+b) Y px.

dx i=1 i1 i=0
dy (a-b? & . (a+b)" .
™ 2 i;l . , and this
can equal zero. For the quintic, n = 3, and choosingvaluesa = 0 and
b = 2, ashefore,gives the equation3ps; + 2p, + p; = 0, so a possible
solution would be p; =1, p, = -1, pp = -1 and py = 5 giving
y = x(x - 2)(xX* = X — x + 5), as shown in Figure 4.

So turning points can lie midway betweenroots for all polynomials
exceptcubics.Whatoriginally seemedike a peculiarpropertyof quadratics,
turns out to be achievable(thoughby no meanscommon)for everything
except cubics!

Again, whenx = 1(a + b),
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FIGURE4:y = x® — 3 + ¢ + 7% — 10x
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