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96.19 Taking a short cut through Pascal's triangle
Introduction

Everybodyknows the proper way to travel through Pascal'striangle,
startingat the top and moving down either left (L) or right (R), with each
number in the triangle giving the total numberof ways of reachingthat
position.But why restrictourselvesto left andright movesonly, zigzagging
ourway downthetriangle,whenwe couldbegoingmuchmoredirectly?We
arecrying out for vertical movesdownwardsto thenextnumberbelow (that
is, two rowslower). Let uscall this sortof moveD andconsidertheeffectof
havingL, R andD on thenumberof possiblewaysof reachingeachelement.
It somehowseemsfitting that in a trianglethere shouldbe three possible
moves.Puttinga 1 at the top andcontinuingdown givesus what I will call
the short-cut triangle, the first few rows of which are shown Figure 1.
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1          3          1

1          5          5          1

1          7          13          7           1

1         9          25        25          9          1
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FIGURE 1:   The first few rows of the short-cut triangle: 7 = 5 + 1 + 1

The short-cut triangle
With theshort-cuttriangle, thenumberof ways of gettingfrom the

1 at thetop to the positionin the row is thesumof threeneighbours,
rather than two:

nWr

r th n th

nWr = n − 1Wr − 1 + n − 1Wr + n − 2Wr − 1.
We notice immediately that, in contrast to Pascal'striangle, all of the
elementsin the short-cuttriangle are odd. This is inevitablesince, away
from the edgesof the triangle,we are calculatingeachelementby adding
threeoddnumbers,which is necessarilyodd.Nearthe edges,oddnumbers
are also obtained.
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Analysingin moredetail,oneD moveis equivalentto anRL or anLR,
so a move to the position in the row, which in the conventional
Pascal'strianglecouldhappenvia all thepermutationsof LLL...RRR (where
thereare Ls and Rs),will nowgenerallybepossiblein moreways.
Supposing,without loss of generality,that , we can makeany
positiveinteger numberof Dswe wish,up to andincluding , which
will leave,eachtime, Ls and Rs. From this it follows

that , . Sincethe rowsof theshort-cut

triangle are necessarily symmetric, it follows that,

r th n th

r (n − r)
r ≥ n − r

i (n − r)
(r − i) (r − n − i)

n− rWr = ∑
r

i =0

(n − i)!
i ! (n − r − i)! (r − i)!

r ≤ n
2

, .nWr  = nWn− r = ∑
r

i =0

(n − i)!
i ! (n − r − i)! (r − i)!

r ≤ n
2

For example,

8W3 = ∑
3

i = 0

(8 − i)!
i! (3 − i)! (5 − i)!

=
8!

0! 3! 5!
+

7!

1! 2! 4!
+

6!

2! 1! 3!
+

5!

3! 0! 2!
= 231,

thefour termscorrespondingto thenumberof permutationsof RRRLLLLL,
DRRLLLL, DDRLLL and DDDLL respectively.

We note that the formula gives , for all , leadingto the
patternof 1s on the edgediagonals.We can also establishresultssuchas

, for all integer , which aretheoddnumbersseenalongthe
first diagonalfrom the edge,and , for
all integer , which arethecentredsquarenumbers,which appearalong
the second diagonal from the edge.

nW0 = nWn = 1 n

nW1 = 2n − 1 n ≥ 1
nW2 = 2n2 − 6n + 5 = (n − 1)2 + (n − 2)2

n ≥ 2

An alternativeway of writing the formula would be ,

which showsan interestingconnectionbetweenthe entriesin the short-cut
triangleandthosein Pascal'striangle.For example,to calculate you just
extractthe appropriateelementsfrom Pascal'striangle, form productsand
add, as shown in Figure 2.

nWr = ∑
r

i =0

rCi
n− iCr

8W3

Sums of rows
The sum of the elementsin the row of Pascal'striangle is well

knownto be , sincetherearetwo possibilities(L andR) for eachof the
steps.In theshort-cuttriangle,the totalsof the rowsare1, 2, 5, 12, 29, 70,
..., which are the Pell numbers , which satisfy the relation

, with and . This arisesbecause,for
, each number in the row is the sum of the two numbers

immediately above it in the th row, together with the number
immediatelyabovethem in the th row. Sinceevery numberin the

th row is countedexactly twice andeverynumberin the th
row is countedexactlyonce,summingall thenumbersin the row gives

n th
2n n

Pn

Pn = 2Pn − 1 + Pn − 2 P0 = 0 P1 = 0
n ≥ 2 n th

(n − 1)
(n − 2)

(n − 1) (n − 2)
n th
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1          3          3          1

…

…
…

1          4          6          4          1

1          5          10        10          5          1

6         15          20

1          7         21          35

1          8         28          56

FIGURE 2:   8W3 = ∑
3

i = 0

3Ci
8− iC3 = 1

•
× 56

�
+ 3

•
× 35

�
+ 3

•
× 20

�
+ 1

•
× 10

�
= 231

twice thesumof the th row togetherwith the sumof the th
row, establishingtheinductivedefinition for thePell numbers,giventhatthe
zeroth row has a sum of 1 and the first row a sum of 2.

(n − 1) (n − 2)

Sums of shallow diagonals
One of the more intriguing propertiesof Pascal'striangle is that the

Fibonaccinumbersappearasthesumsof shallowdiagonals.In theshort-cut
triangle,thesesumsinsteadgive the Tribonaccinumbers , which satisfy
the relation , with , and
(see Figure 3).

Tn

Tn = Tn − 1 + Tn − 2 + Tn − 3 T0 = 0 T1 = 1 T2 = 1
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FIGURE 3:   Sums of shallow diagonals giving 

(a) Fibonacci numbers in Pascal's triangle, 
and (b) Tribonacci numbers in the short-cut triangle

Fibonaccinumbersarisein thecaseof Pascal'strianglebecauseafterthe
secondshallowdiagonal,eachelementof any shallow diagonalis the sum
of an element in the previous shallow diagonal and an element in the
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shallowdiagonalbeforethatone.Sothesumof any shallowdiagonal(from
the third onwards)is thesumof the two previousshallowdiagonals,giving
the inductivedefinition for Fibonaccinumbers , with

and , since theseare the only numbersin the first two
shallow diagonals.

Fn = Fn − 1 + Fn − 2 Fn

F1 = 1 F2 = 1

In theshort-cuttriangle,a similar relationshipmeansthat,after thethird
shallowdiagonal,eachelementof any shallow diagonalis the sum of one
elementfrom eachof the threepreviousshallow diagonals,in sucha way
thatno elementis includedmorethanonce.This meansthat theTribonacci
relationship , with , and

, is satisfied and we obtain the Tribonacci sequence.
Tn = Tn − 1 + Tn − 2 + Tn − 3 T0 = 0 T1 = 1

T2 = 1
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