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t
oo often the discourse of the math-
ematics classroom is defined as the 
teacher asking the questions and the 
students answering them—or try-
ing to (Dillon 1990; Susskind 1969, 

1979). I once observed a teacher begin a math-
ematics lesson by drawing a diagram on the 
board. The students watched in silence. As the 
teacher turned around to face the class, a hand 
immediately went up. The teacher looked frus-
trated. “How can you have an answer already?” 
he asked. “I haven’t told you what the question 
is yet!” The hand went down, and the other stu-
dents laughed, suggesting that they understood 
the unwritten rule of this class: The teacher asks 
the questions, and the students wait their turn to 
respond. No doubt the teacher had a good ques-
tion in mind, but perhaps the student did too.

Tizard and colleagues (1983) have lamented 
the paucity of student-generated questions: 
“The children seem to learn very quickly 
that their role at school is to answer, not to ask questions” 
(p. 279). This observation appears to be particularly true of 
girls (Pearson and West 1991) and is by no means a recent 

problem; as early as 1940, Corey was comment-
ing on the same phenomenon. More recently, 
Dillon (1988) has contrasted the reluctance of 
students to ask questions in the classroom with 
the plethora of questions they typically ask in 
other circumstances. He comments: “Question-
ing is frequently used in classrooms, but rarely 
as a knowledge-seeking method. Those who ask 
questions—teachers, texts, tests—are not seek-
ing knowledge; those who would seek knowl-
edge—students—do not ask questions” (p. 197).

Certainly teachers should not be prohib-
ited from asking questions, but if students are 
always placed in the position of responding 
rather than initiating, then we can hardly be 
surprised if at times they seem passive and 
flounder when given open-ended tasks. Ques-
tioning techniques continue to be a popular 
topic for mathematics in-service teacher train-
ing, and this approach is no doubt helpful. 

But students also need to develop their abil-
ity to ask mathematical questions. The questions students 
choose to pose give insight into what they know and what 
they see as mathematically significant and so can be a  

Exploring even 
something as 
simple as a 
straight-line 
graph leads 
to various 

mathematical 
possibilities 

that students 
can uncover 
through their 

own questions.

colin Foster

QuestioNs
studeNt-GeNerated

in Mathematics Teaching

Copyright © 2011 The National Council of Teachers of Mathematics, Inc.  www.nctm.org. All rights reserved.
This material may not be copied or distributed electronically or in any other format without written permission from NCTM.



Vol. 105, No. 1 • august 2011 | MatheMatics teacher  27



28  MatheMatics teacher | Vol. 105, No. 1 • august 2011

1. What Angles Are Formed between the Line 
and the x- and y-Axes?
The angles produced are tan–1(3/4), p – tan–1(3/4), 
tan–1(4/3), and p – tan–1(4/3), if we count only the 
positive angles whose magnitude is less than p. Stu-
dents might think about why, with a general line, 
having more than four different angles is impossi-
ble and might explore lines that create fewer angles 
with the axes. 

Some examples would be the family x ± y = k
where k is any nonzero constant, which gives only 
two angles (p/4 and 3p/4); y = ± x, which gives 
only one angle (p/4); and x = k and y = k where k is 
any nonzero constant, which each gives one size of 
angle (p/2). The line y = kx where k is any constant 
other than 0, 1, or –1 also gives two angles:  tan–1|k| 
and p – tan–1|k|. Some good, exhaustive logical 
thinking is required to dispose of all the possible 
cases. While exploring, students may notice (and 
perhaps prove) results such as
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2. What Are the Equations of Another Three 
Lines That, Together with the Segment of This 
Line in the First Quadrant, Make a Square?
Students might not immediately appreciate that 
there are two possible squares, one extending 
upward and one downward from the given line. 
In each case, the two parallel lines 3y = 4x + 18 
and 3y = 4x – 32 are needed, but the third line can 
be either 3x + 4y = 74 (for the square extending 
upward from the given line) or 3x + 4y = –26 (for 
the one extending downward). Students could try 
starting with a different line and looking at how 
this change affects the equations of the other three 

useful indicator to the teacher of students’ prog-
ress (Maskill and de Jesus 1997). More important, 
mathematics is inherently an inquisitive discipline. 
The subject develops because as soon as a math-
ematician has answered one question, he or she is 
very likely to think of others. Without questions, 
there would be no mathematics, and unless stu-
dents learn to ask questions, they cannot operate 
as mathematicians.

Teachers frequently use questions to main-
tain control in the classroom, and a reluctance to 
allow students to ask questions may betray some 
insecurity: “If the students start asking whatever 
questions they like, what if we don’t know the 
answers? What if students end up off topic?” The 
only solution is to recognize that no one can have 
all the answers; instead, a willingness to engage 
thoughtfully with whatever is raised is far more 
important—and could indeed be said to model an 
intelligent and mature approach to life generally. A 
reassuring feature of mathematics is its connected-
ness: If the teacher does not know the answer to 
exactly what the student is asking, he or she is still 
likely to know something related that will enable 
him or her to support the student as they work on 
it together. This connectedness also means that 
straying into another area is often not as much a 
diversion as it may initially appear to be.

I have found that students seem to get better at 
asking questions as they have more opportunity to 
do so. I often start lessons with some mathemati-
cal object—a diagram, an equation, a puzzle, or a 
paradox—that seems to me provocative or rich in 
some way. Then I simply ask students to look at 
the object and see what mathematical questions 
they can ask. Often I do not even need to do that 
much—the lesson begins when the first student 
speaks. The person asking the question does not 
risk being put on the spot to answer it. And I 
certainly do not feel that it is my responsibility 
as the teacher to try to answer any of the ques-
tions myself. Sometimes I may know an answer 
(or something relevant), and sometimes I do not. 
I generally collect the questions offered by writing 
them on the board. If I get an occasional “irrele-
vant” question, it is not the end of the world; such 
a question may indeed turn out to be more useful 
than it initially seems, or it can always be modified 
or discarded later.

QUESTIONS FROM A GRAPH
Following is an example of a possible starting 
point, together with some questions generated by 
students.

 Sketch the graph 3x + 4y = 24 (see fig. 1). What 
mathematical questions can you ask? 

Fig. 1  What mathematical questions can you ask about the 

graph of 3x + 4y = 24?



Vol. 105, No. 1 • august 2011 | MatheMatics teacher  29

lines needed to make a square. They could also try 
making other regular polygons, such as an equilat-
eral triangle, so that the given line segment forms 
one of the sides.

Another question would be to ask for the verti-
ces of the square that has the line segment from (0, 
6) to (8, 0) as its diagonal (Hedger and Kent 1978). 
A common first response is (0, 0) and (8, 6), but of 
course these vertices form a rectangle, not a square. 
The other two vertices are in fact (7, 7) and (1, –1) 
(see fig. 2), and we could also ask for the equation 
of the line containing the other diagonal of the 
square, which is 3y = 4x – 7. 

3. What Are the Area and the Perimeter of the 
Triangle Formed by the Line and the x- and 
y-Axes?
The area is readily calculated as (6 • 8)/2 = 24 
square units, and because we have a Pythagorean 
6-8-10 triangle, the perimeter is also found to be 24 
units—hence, this is an equable triangle (a triangle 
whose area is numerically equal to its perimeter). 
This result is likely to provoke questions: Why did 
this happen? Is the result unique? I deliberately 
chose a starting line that gave a triangle with this 
property in case students looked at area and perim-
eter. We teachers should think carefully about 
the specifics of any initial example we provide, 
because this choice can dramatically affect possi-
bilities later on.

For the general line ax + by = c (with a, b, c > 
0), the coordinates of intersection with the x- and 
y-axes can be found by substituting y = 0 and 
x = 0, respectively, and solving. This gives ax = c 
and by = c, so x = c/a, and y = c/b. Therefore, the 
x-intercept is (c/a, 0), and the y-intercept is (0, c/b). 
The area will then be 
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perimeter equal, we obtain
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Because none of a, b, or c is zero, we have 
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which will be an integer if and only if 6a2 + b2 is an 
integer. This will happen if and only if a and b are 
the legs of a Pythagorean triangle because then 
6a2 + b2 will be the length of the hypotenuse.

For example, choosing a = 3 and b = 4 gives c = 24
and our initital equation. This equation will be 
obtained with any multiple, such as a = 6 and b = 8, 
giving c = 48 and the equation 6x + 8y = 48, which 
is equivalent to 3x + 4y = 24. A different primitive 
Pythagorean triple produces a different equation, 
such as a = 5 and b = 12, giving c = 60 and the equa-
tion 5x + 12y = 60, leading to a triangle with area 
and perimeter 30. These are the only two equable 
right triangles with integral sides.

4. How Many Possible Routes Are There from 
(0, 6) to (8, 0) If Integer Steps Right and 
Down Are the Only Ones Allowed?
Estimate an answer before calculating and check 
the estimate later. This problem may remind stu-
dents of Pascal’s triangle, the number of routes to 
any lattice point (x ≥ 0, y ≤ 6) being the total of the 
number of routes to the points 1 to the left of that 
point and 1 above that point because we must have 
come through one of these points. For example, the 
number of routes from (0, 6) to (3, 4) is the total of 
the number of routes from (0, 6) to (2, 4) and the 
number of routes from (0, 6) to (3, 5). Labeling each 
lattice point with the number of routes from (0, 6) to 
that point, we see that the number of routes to (x, y) 
is 6+x–yCx, so in particular the number of routes from 
(0, 6) to (8, 0) will be 6+8–0C8 = 14C8 = 3003, probably 

Fig. 2  a square can be constructed given the diagonal. 
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considerably higher than most students would have 
estimated at the beginning.

5. How Many Squares Does the Line Pass 
through in the First Quadrant?
The given line passes through 12 squares (see 
fig. 3). To move from (0, 6) down to (8, 0), it seems 
that we must pass through at least 13 squares (see 
fig. 4). This number comes from the 8 squares tra-
versed horizontally plus the 6 squares traversed ver-
tically; we must remember to subtract the square at 
the top-right corner where we make our turn, which 
otherwise we would count twice. So, in general, we 
might expect the number of squares that the line 
passes through to be x + y – 1, where x and y are the 
x- and y-intercepts of our graph, respectively (pro-
vided that x and y are both positive integers).

But this hypothesis does not take into account 
the possibility of a line passing exactly through a 
lattice point. Every time the line hits a lattice point, 
we will lose a square from our total. The line will 
pass through lattice points every time x and y have 
a common factor. Thus, the number of squares 
equals x + y – GCF(x, y), where GCF indicates find-
ing the greatest common factor of the two values. 
Here, GCF(8, 6) = 2, so the number of squares the 
line passes through is 8 + 6 – 2 = 12. For the gen-
eral line ax + by = c, we saw above that the x- and 
y-intercepts are x = c/a and y = c/b. Assuming that 
these intercepts are integers, we obtain the number 
of squares: c/a + c/b – GCF(c/a, c/b).

6. How Many Whole Squares Are Contained 
in the Region Enclosed by the Line and the 
Axes?
As figure 5 shows, the given line and the axes 
enclose 18 whole squares. Clearly, for the general line 
ax + by = c, the expression c2/(2ab) (a, b ≠ 0) derived 
above for the area (in this case, 24) will be an upper 
bound. However, we can do better than that. The 
line must pass through at least max(x, y) squares, 
where max(x, y) is equal to whichever of x and y is 

bigger and where x and y are the x- and y-intercepts, 
respectively, assuming again that these are integers. 
As before, because the x- and y-intercepts are x = c/a
and y = c/b, respectively, we can reduce our upper 
bound to
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assuming again that a and b both divide c.
In the case of 3x + 4y = 24, the computation 

brings our upper bound down to 24 – 4 = 20. But 
when we think about why we are still 2 over the 
correct number—because the line passes through 
exactly one lattice point (4, 3)—we have a means of 
solving the problem precisely. By exploiting symme-
try, we can superimpose figure 3 on figure 5 and 
obtain the diagram shown in figure 6. There the 
dotted squares above the line are an exactly congru-
ent copy of the dark gray squares below the line, 
merely rotated half a turn about (4, 3), the center of 
the line segment joining (0, 6) to (8, 0). 

So if n is the number of squares below the line, 
then it follows by adding areas that 2n + (the num-
ber of squares the line passes through) equals the 
area of the whole rectangle. Assuming again that 
both a and b divide c, we can write: 
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Fig. 3  the line 3x + 4y = 24 passes through 12 squares in 

the fi rst quadrant.

Fig. 4  Moving horizontally and then vertically takes us 

through 13 squares.
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CONCLUSION
If questions are slow in coming, be patient—this 
approach may be a big departure from students’ 
expectations of what constitutes a mathematics les-
son. Once the class has generated several possible 
questions, students could vote on which one or 
two to work on first, or different students (perhaps 
in groups or pairs) could choose a question to try, 
sharing their progress later.

A questioning atmosphere in the mathematics 
classroom goes far beyond the usual clarifying ques-
tions, in which students ask teachers to repeat or 
re-explain points that they have made. I remember 
university lecturers who at the end of a lecture 
would ask, “Any questions?” and, if there were 
none, would say “Good!” (obviously taking it as 
a compliment that they had explained everything 
thoroughly and clearly). In my classroom, I want 
to move away from the culture in which students’ 
questions are an interruption to the main event, a 
necessary evil to be tolerated and dealt with swiftly. 
Student-generated questions can be the main event, 
allowing lessons to develop from students’ curiosity 
and building on their developing interest.

In other school subjects, having students answer 
their own questions is not so easy. Students can-
not travel to Uganda during today’s geography les-
son; the science teacher cannot allow students to 
try mixing concentrated sulfuric acid and sodium 
to see what happens. But in the abstract world 
of mathematics, such obstacles are not generally 
present. Students can experiment without burning 
themselves and safely pursue whatever lines they 
desire, often without needing any particular equip-
ment or teacher direction. 

We teachers should take full advantage of this 
aspect of mathematics by not constantly requiring 
students to dance to our agenda. Let’s give them 
space to pursue their own mathematical inquiries 
and develop initiative, interest, and mathematical 
capability. Perhaps one way to judge the quality 
of our teaching is to ask whether our students are 

becoming increasingly adept at asking genuinely 
mathematical questions about their work.
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Fig. 5  there are 18 whole squares underneath the line 

 3x + 4y = 24.

Fig. 6  We can use symmetry to compute the number of 

whole squares enclosed by the line and the axes.


